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Abstract 

The aim of this paper is to study, in the infinite dimensional framework, the exis- 
tence and uniqueness for the solution of the following multivalued generalized backward 
stochastic differential equation, considered on a random, possibly infinite, time interval: 

f ~dYt + dy^ [t, Yt) dQt 3 $ (t, Yt,Zt) dQt - ZtdWt, t e [0, r] , 

where r is a stopping time, Q is & progresivelly measurable increasing continuous stochas- 
tic process and dy"^ is the subdifferential of the convex lower semicontinuous function 

Our results generalize those of E. Pardoux and A. Ra§canu (Stochastics 67, 1999) 
to the case in which the function $ satisfies a local boundeness condition (instead of 
sublinear growth condition with respect to y) and also the results from Ph. Briand et al. 
(Stochastic Process. Appl. 108, 2003) by considering the multivalued equation. 

As applications, we obtain from our main result applied for suitable convex functions, 
the existence for some backward stochastic partial differential equations with Dirichlet or 
Neumann boundary conditions. 
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1 Introduction 



In this paper we are interested in the fohowing generahzed backward stochastic variational 
inequahty (BSVI for short) considered in the Hilbert space framework: 

Yt+ r dKs = v+ r [F{s,Ys,Zs)ds + G{s,Ys)dAs]- f Z^dWs, a.s, 

< JtAr JtAr JtAr (1) 

^ dKt G dip (Yt) dt + di) {Yt) dAt, Vt > 0, 

where {Wt : t > 0} is a cyhndrical Wiener process, df, are the subdifferentials of a convex 
lower semicontinuous functions ip, ip, {At : t > 0} is a progressively measurable increasing 
continuous stochastic process, and r is a stopping time. 

In fact we will define and prove the existence of the solution for an equivalent form of ([1]): 

Yt+ dKs = r]+ ^{s,Y„Zs)dQs- Z^dWs, a.s., 

Jt Jt Jt (2) 

_ dKt G dy^ {t,Yt) dQt, yt>0, 

with Q, <I> and ^ adequately defined. 

The study of the backward stochastic differential equations (BSDEs for short) in the 
finite dimensional case (equation of type ([T]) with A and ip equal to 0) was initiated by E. 
Pardoux and S. Peng in [13] (see also [H]). The authors have proved the existence and the 
uniqueness of the solution for the BSDE on fixed time interval, under the assumption of 
Lipschitz continuity of F with respect to y and z and square integrability of rj and F (t, 0, 0). 
The case of BSDEs on random time interval (possibly infinite), under weaker assumptions on 
the data, have been treated by R.W.R. Darling and E. Pardoux in [6], where it is obtained, as 
application, the existence of a continuous viscosity solution to the elliptic partial differential 
equations (PDEs) with Dirichlet boundary conditions. 

The existence and uniqueness results for BSDEs with infinite time horizon, considered 
in the Hilbert spaces, were studied in [Sj by M. Fuhrman and G. Tessitore, where F is still 
suppose to be Lipschitz continuous with respect to y and z. 

The more general case of scalar BSDEs with one-sided refiection and associated optimal 
control problems was considered by N. El Karoui, C. Kapoudjian, E. Pardoux, S. Peng, M.C. 
Quenez in ^ and with two-sided refiection associated with stochastic game problem by J. 
Cvitanic and I. Karatzas [4J. 

When the obstacles are fixed, the refiected BSDE become a particular case of BSVI of 
type ([1]), by taking ^ as convex indicator of the interval defined by obstacles. We must 
mention that the solution of a BSVI belongs to the domain of the operator and it is 
refiected at the boundary of this. 

The standard work on BSVI in the finite dimensional case is that of E. Pardoux and A. 
Ra§canu [15] , where it is proved the existence and uniqueness of the solution {Y, Z, K) for the 
BSVI ([T]) with ^4 = 0, under the following assumptions on F : monotonicity with respect to y 
(in the sense that {y' — y, F{t, y' , z) — F{t, y, z)) < a\y' — yp), lipschitzianity with respect to 
z and a sublinear growth for F {t, y, 0). Moreover, it is shown that, unlike the forward case, 
the process K is absolute continuous with respect to dt. In [16] the same authors extend 
these results to the Hilbert spaces framework. 
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Our paper generalizes the existence and uniqueness results from [16] by considering ran- 
dom time interval [0, r] and the Lebesgue-Stieltsjes integral terms, and by assuming a weaker 
boundedness condition for the generator $ (instead of the sublinear growth), i.e. 

E(y^ $#(s)ds)''<oo, where $#(t):=sup|j,l< 0)1 . (3) 

We mention that, since r is a stopping time, the presence of the process A is justified 
by the possible applications of equation ([T|) in proving probabilistic interpretation for the 
solution of elliptic multivalued partial differential equations with Neumann boundary con- 
ditions on a domain from W^. The stochastic approach of the existence problem for finite 
dimensional multivalued parabolic PDEs, was considered by L. Maticiuc and A. Ra§canu 
in pO]. On the other hand, infinite dimensional generalization for parabolic PDEs (namely 
nonlinear Kolmogorov equations) was treated by M. Fuhrman and G. Tessitore in [9j and the 
corresponding nonlinear elliptic equations, i.e. nonlinear stationary Kolmogorov equations, 
in [8]. The next step and the subject of a forthcoming paper is the study of the infinite 
dimensional (parabolic and elliptic) Kolmogorov equations with state constraints. 

Concerning the assumption ([3]), we recall that, in the case of finite dimensional BSDE, E. 
Pardoux in |12] has used a similar condition, in order to prove the existence of a solution in 
L^. His result was generalized by Ph. Briand, B. Deylon, Y. Hu, E. Pardoux, L. Stoica in [3], 
where it is proved the existence in of the solution for BSDEs considered both with fixed 
and random terminal time. We mention that the assumptions from our paper are, broadly 
speaking, similar to those of [3]. 

The article is organized as follows: in the next Section a brief summary of infinite dimen- 
sional stochastic integral and the assumptions are given. Section 3 is devoted to the proof of 
the existence and uniqueness of a strong solution for ([2]) . In the fourth section it is introduced 
a new type of solution (called variational weak solution) and it is also proved the existence 
and uniqueness result. In Section 4 are obtained, as applications, the existence of the so- 
lution for various type of backward stochastic partial differential equations with boundary 
conditions. The Appendix contains, following [17], some results useful throughout the paper. 

2 Preliminaries 

2.1 Infinite dimensional framework 

In the beginning of this subsection we give a brief exposition of the stochastic integral with 
respect to a Wiener process defined on a Hilbert space. For a deeper discussion concerning 
the notion of cylindrical Wiener process and the construction of the stochastic integral we 
refer reader to [5]. 

We consider a complete probability space (il,-F, P), the set A/"? = {A G : P {A) = 0}, 
a right continuous and complete filtration {Tt}t>o ' ^^'^ ^^^^ separable Hilbert spaces 

Let us denote by 5]^ [0, T], p > 0, the complete metric space of continuous progressively 
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measurable stochastic process (p.m.s.p.) X : x [0,T] ^ H with the metric given by 

IE sup \Xt-Xt\P) <oo, ifj3>0, 
^ te[o,T] ' 



Pp{X,X) 



E^l A sup \Xt - Xt\) < oo, if p = 0, 



and by 5^ the space of p.m.s.p. X : 17 x [0, oo) — H such that, for all T > 0, the restriction 
X|jQ/pj € 5]^[0, T]. To shorten notation, we continue to write 5^ for 5^. 
Remark that 5^ [0,T] is a Banach space for p > 1. 

By M^* (Jl X [0, r] ; iJ), p > 1, we denote the Banach space of the continuous stochastic 
processes M such that E (|M {t)\^) < oo, G [0,T], M (0) = a.s., and E'^'' (Mt) = M^, a.s. 
for all < .s < t < T. The norm is defined by ||M||^jj, = [E (|M (r)|^)]^/^. If p > 1, then 
MP (i7 X [0, T] ■,H)isa closed linear subspace of [0, T]. 

Let W = {Wt{a) : t > 0, a E Hi} C L^{Q,T,P) be a Gaussian family of real-valued 
random variables with zero mean and the covariance function given by 

E[Wt{a)Ws{b)] = {t A s) {a,b)H,, s,t>0, a,b e Hi. 

We call W a iJi -Wiener process if, for all t>0, 

(i) J^W a{Ws{a) : s G [0,t], a e Hi} V ATp C J^t , 

(a) Wt+hio-) — Wt{a) is independent of J^t , for all /i > 0, a G Hi. 

Let {s'ijjgN* be an orthonormal and complete basis in Hi. We introduce the separable 
Hilbert space L2{Hi; H) of Hilbert-Schmidt operators from Hi to H, i.e. the space of linear 
operators Z : Hi ^ H such that 

oo 

\Z\L2{Hr,H) = l^f^iln = Tr {Z*Z) < oo. 
i=l 

It will cause no confusion if we use |Z| to designate the norm in L2 (i^i ; iJ) . 

The sequence = [Wl :=Wt{gi) : t G [0, T]}, f G IKI*} defines is a family of real- valued 
Wiener processes mutually independent on P). 

If Hi is finite dimensional space then we have the representation 

Wt = Y,9iWlt>Q, 

i 

but, in general case, this series does not converge in Hi, but rather in a larger space H2 such 
that Hi C H2 with the injection J : Hi—^H2 being a Hilbert-Schmidt operator. Moreover, 
WgM2(0x [0,T];H2). 

For < r < 00, we wiU denote by A-l^^^i H) T),p>Q, the space L^^(J^ x (0, T) ; L2 {Hi,H)), 
i.e. the complete metric space of progressively measurable stochastic processes Z : ^ x 
(0, r) L2 {Hi, H) with metric of convergence 

(^E( \Zs - Zs\^dsY''^^ ^'^^'^ < 00, if p > 0, 



dp{Z,Z) 
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The space A^^^^^ (0)^) is a Banach space for p > 1 with norm = dp{Z,0). Prom 

now on, for simplicity of notation, we write A^(0,r) instead of A^^^^^ (0)^) (when no 
confusion can arise). 

Let us denote by A^ the space of measurable stochastic processes X : Q x [0, oo) H 
such that, for all T > 0, the restriction X\^q^j.^ £ Ap (0,r). 
For any Z G A^ let the stochastic integral, 

I {Z) it) = / ZsdWs := V / Zs {gi) dWs (gi) ,te[0,T], 
Jo ^0 

where {gi}^ is an orthonormal basis in Hi. 

Note that the introduced stochastic integral doesn't depend on the choice of the orthonor- 
mal basis on Hi. 

By the standard localization procedure we can extend this integral as a linear continuous 
operator 

I: A^'(0,T)^5^ [0,r], p>0, 
and it has the following properties: 

Proposition 1 Let Z e (0,r). Then 

(i) Ei(z)(t) = 0, vtG [o,r], ifp>i, 

(ii) E\l{Z){T)\^ = \\Z\\l,, tfp>2, 

(m) - ||Z||^^ < Esup,e[o,T] |I(^) (Or < II^IIap > ifP > 0, 

Cp 

( Burkholder-Davis- Gundy inequality), 
(iv) I{Z)eMP{nx[0,T];H),ifp>l. 



From now on we shall consider that the original filtration {J't}t>o is replaced by the 
filtration {J"/^ }t>o generated by the Wiener process. The following Hilbert space version of 
the martingale representation theorem, extended to a random interval, holds: 

Proposition 2 Let r : i7 — t- [0, oo] be a stopping time, p > 1 and r] : Q, ^ H he a Jv- 
measurable random variable such that E \r]f < oo. Then 

1. there exists a unique stochastic process C, £ A^ (0, oo) such that Q = 1[o,t] (^) Ct, Vt > and 

ri=Eri+ [ CsdWs, 
Jo 

or equivalently, 

2. there exists a unique pair (4, Q £ x KP (0, oo) such that 

^t = ri- [ CsdWs, t > 0, a.s. 

JtAT 
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2.2 Assumptions 

Let us consider the following BSVI: 

Yt+ [ dKs = v+ [ [F {s, Ys, Zs) ds + G (s, ¥,) dA,] - f Z^dW.,, a.s., 

< JtAT JtAT JthT (4) 

^ dKt G {Yt) dt + di) {Yt) dAt, Vt > 0. 
The next assumptions will be needed throughout the paper: 
(Ai) The random variable r : — t- [0, oo] is a stopping time; 

(A2) The random variable r] : Q ^ H is Tr-measurahle such that E jr/l"" < 00 and the 
stochastic process Q) ^ S"^ x (0, 00) is the unique pair associated to r] such that 
we have the martingale representation formula (see Proposition^^ 

' /-oo 

^t = r]- / CsdWs, t > 0, a.s., 

Jt (5) 

^ (t = E^*rj = E-^*--r? and Ct = l[o,r] (*) Ct] 

(A3) The process {At : t > 0} is a progressively measurable increasing continuous stochastic 
process such that Aq = 0, 

Qt {uj) = t + At {uj) , 

and {cKf : t > 0} is a real positive p.m.s.p. (given by Radon- Nikodym's representation 
theorem) such that a G [0, 1] and 

dt = atdQt and dAt = (1 — at) dQt ; 

(A4) The functions F : Q x [0, 00) x H x L2 {Hi,H) — )• H and G : Q x [0, 00) x H ^ H are 
such that 

F ■,y, z) , G (•, •, y) are p.m.s.p., for all {y, z) £ H x L2 {Hi,H) , 
F{uj,t,-,-), G{uj,t,-) are continuous functions a. e. , 

and P-a.s., 

I F* {s) ds+ [ G* {s) dA, < 00, V/), T > 0, (6) 

JO JO 

where 

F# (a;,s) := sup|j^l<p |F(w,s,y,0)| , G* (w, s) := sup|j^|<p |G (w, s, y)| ; (7) 
(A5) Assume that there exist two p.m.s.p. fijiy : Q x [0,c») — t- R such that 

r-T r-T 

I l/ijpdt < 00 and i \ut'\^dAt < 00, for all T > 0, P-a.s., 
Jo Jo 
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and there exists £ >0, such that, for all y, y' G H, z, z' G Li {Hi, H) , 
{y' - y, F{t, y', z) - F{t, y, z)) < l[o,,] (t) fit \y' - yf , 
{y' - y, G{t, y') - Git, y)) < l[o,.] (t) vt \y' - y|' , (8) 
y, z') - Fit, y,z)\< l^,,] it) i \z' - z\ ; 

Let us introduce the function 

$ (w, t, y, z) := l[o,r(c.)] (t) [at (w) F (w, t, y, + (1 - at (w)) G (w, t, y)] , (9) 

in which case ([8|) become 

iy' - y, y', z) - y, z)) < Ip,.] it) [fitat + vt{l- at)] W - y\^ , 
\^it, y, z') - <l>it, y,z)\< l[o,^] it) £at \z' - z\ . 

From now on, p > 2 and, for a > 1, let 

,.t 

Vt= l[o,r] is) [{l^s + '^ as + i^sil- as) ] dQs (10) 

/"* a 
= / l[o,^] is) [{fis + -i^)ds + UsdAs] . 
Jo ^ 

We can give now some a priori estimates concerning the solution of (jH). 

Lemma 3 Let {Y,Z), iY,Z) € S^[0,T] x AO(0,r). Under the assumptions (Ai-A^) the 
following inequalities hold, in the sense of signed measures on [0,oo), 

{Ys,^is,Ys,Zs)dQs) < \Ys\\^ is, 0,0)\ dQs + \Ys\^dVs + ^\Zs\^ds (11) 

and 

{Ys - Ys,<l>is,Ys,Zs) - ^s,Ys,Zs))dQs < \Ys - Ys\^dVs + ^\Zs - Z.pds. (12) 

Proof. The inequalities can be obtained by standard calculus (applying the monotonicity 
and Lipschitz property of function $). ■ 

(Ag) (p,ip : H ^ [0, +cxd] are proper convex lower semicontinuous (l.s.c.) functions such that 
(0) = V (0) = (consequently Q & dip (0) n d^) (0) ) and 

* i^, t, y) = 1[o,tH] (i) [at (w) LP iy) + (1 - a* (w)) V iv)] ; 

We recall now that the multivalued sub differential operator dp is the maximal monotone 
operator 

(y) ■= {y ^ H : {y,v - y) + p iy) < p iv) , \/ v £ H} . 

We define 

Dom ip) = {y e H : p iy) < oo} , 

Dom idp) = {y e H : dpiy) ^9} C Dom ip) , 



and by (y, y) G dip we understand that y £Dom{dip) and y G dip (y). 
Recall that 



Dom (ip) = Dom (dip), int (Dom (99)) = int (Dom {d(p)) . 

If is a //-valued bounded variation stochastic process, ^4 is a real increasing stochastic 
process and F is a //-valued stochastic process such that (f (Yt) dAt < 00, a.s. VT > 0, 
then the notation dKt G dip (Yt) dAt, P-a.e. means that 

f S f S f s 

/ {y{r)-Yr,dKr)+ ip{Yr)dAr< ip{y{r))dAr, yy£C{[0,T];H),\/0<t<s. 
Jt Jt Jt 

(13) 

Let e > and the Moreau-Yosida regularization of (p : 



|y-^l^ + 'P (v) : V e h'^ 



ipe (y) := ini \ — \y - v\ + ip (v) : v £ H \ , (14) 

which is a convex function. 

We mention some properties (see H. Brezis [2j, and E. Pardoux, A. Ra§canu [15] for the 
last one): for all x,y G // 

(a) ipe (x) = I \Vipe{x)\^ + ip{x- eVipeix)) , 

(6) Vipe{x) = dips (x) € dip{x- eVipe{x)) , 

(c) \Vip,{x)-Vipe{y)\<^\x-y\, (15) 

(d) {Vipe{x)-Vipe{y),x-y)>0, 

(e) {Vipeix) - Vips{y),x - y) > -{e + 5) {V^e{x)y^5{y)) ■ 

We introduce the compatibility conditions between ip, ip and F, G (which have previously been 
used in [lOj): 

(A7) For all e>0,t>0,y£ H, zG L2 {Hi,H) 
(i) (V(^,(y),VV.(y)) >o, 

(ii) {V^e {y) , G (t, y) + v^y) < |VV. (y)| |G (t, y) + i^iy\ , P-a.s., (16) 
(m) {Vil^s (y) , (i, y, z) + ixiy) < \V^e {y)\\F {t, y, z) + ^i^y] , P-a.s., 
where fi~ = — min {/i, 0} and = — min {v, 0}. 

Example 4 Let H = R. 

A. Clearly, since V(/?£ and VV'e are increasing monotone, we see that, if 

y [G{t,y) + v^y) <Q and y {F {t,y, z) + fi^y) < 0, W t,y, z, 
then compatibility assumptions il6\} are satisfied. 
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B. If ip,i/j : R (—00, +00] are the convex indicator functions 

r 0, ifye [a,b], r 0, ifye [c,d], 

'^^y^ = ') , -t u and il^{y) = { 

y +00, tfy^[a,b\, [+00, ify^[c,d\, 

where a,b,c,dE R are such that G [a, 6] H [c,d] (see the assumption (Aq)), 
then 

Vipe (y) = l[iy- -{a- 2/)+] and (y) = \[{y - d)^ - (c - y)+] . 

Since (A^ — i) is fulfilled, the compatibility assumptions become 

{G {t, y) + v^y) > 0, for y < a, [G (i, y) + i^fy) < 0, for y>b, 
and, respectively, 

{F {t, y, z) + n^y) > 0, for y < c, {F {t, y, z) + /x^y) < 0, for y > d. 

The last assumption is the following: 

(Ag) There exist the p.m.s.p. jl,i> : J7 x [0,oo) — >■ IR with jl > max{/x, ^/x} and v > 

max {z^, ij/}, such that [\jlt\^dt + \i't\^dAt) < 00, VT > 0, P-a.s. and, using the 
notation 

Vt = l[o,r] (s) [(As + 2 ^'^)ds + i>sdAs\ , (17) 
we suppose the following compatibility conditions between rj and (p, F and G : 



(i) E[e2'"P-e[o.-l (^(r?) + ] < 00, 
(ii) E(eP^"P=e[o,r] Vi ^ ^ (gP) < 00, VT > 0, 

(m) eH e2^^*(s,6)dQj + E H e^^ |$ (s,e.,C.)M(3.J < 00, 



(18) 



and the locally boundedness conditions: 

{iv) 



e(^^ e^''sup|j/|<p|F(s,e ^"y, O) - /i,y|ds)^ 

+E(^y^ e^''sup|j^l<^|G(s,e-^''y) -z>3y|(iyl,y < 00, Vr,p>0, 

{v) E re2y^sup|^|<,|F(s,e-^^y,0)|'ds 
^0 

+E Te^^^ sup|^|<^ |G(s,e-^^y)|'d^ < 00, Vp > 0. 
^0 



(19) 
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3 Main result: the existence of the strong solution 

Using the definition of Q, <J? and ^ (given in the previous assumptions) we can rewrite dU in 
the form 



poo poc poo 

Yt+ dKs = r]+ ^{s,Ys,Zs)dQs- Z.diy,, a.s., 
Jt Jt Jt 

^ dKt G dy^{t,Yt)dQt, Vt > 0. 



(20) 



(21) 



Definition 5 We call {Yu Zt, Ut)^^^ a solution of ^ if(Y, Z) £ S^xA^, {Yt, Zt) = (6, Ct) 
(r/, 0) for t > T and 

Ut = 1[o,t] (t) [cttUl + (1 — Q-t) U^] , where and U"^ are p.m.s.p., 

such that 

(i) [ {\<^ {s,Ys, Zs)\ + \Us\) dQs < oo, P-a.s., for all T>0, 
Jo 

(ii) Ul £ dip (Yt) , dP dt- a.e. , 
(m) Uf G dtp (Yt) , dP (g) dAt - a.e., 

[iv) e2^^ \Yt - iT? + He^^^ \Z, - ds 0, as T ^ oo, 

Jt 

and, for t G [0, T] , 

(v) Yt+ [ UsdQs = YT+ f ^{sXs,Zs)dQs- f Z^dWs, a.s. (22) 

Jt Jt Jt 

Remark 6 // there exists a constant C such that supjg^ .^j \Vt {uj)\ < C, P — a.s. a; G $7, then 
the condition \21\-iv) is equivalent to 

\YT-7]f + J \Zs\'^ds > 0, as r ^ oo. (23) 

We can now formulate the main result. In order to obtain the absolute continuity with 
respect to dQt of the process K (as in Definition [5]) it is necessary to impose a supplementary 
assumption: 

(Ag) There exists i?o > such that, for all t > 0, 

E-^*(e2'^'^P->*^'' |??|2) + E^*( r e^'' |$(s, 0,0)1 dQ,)^ < i?o, a.s. (24) 

Theorem 7 Let the assumptions (Ai—Ag) be satisfied. Then the backward stochastic varia- 
tional inequality i20\} has a unique solution (Y, Z, U) such that 

Esup4g[o,T] e^^* \Ytf <oo, for all T > 0, (25) 
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and 



Yt+ [ UsdQs = Yt+ [ (s, Ys, Zs) dQs - [ Z^dW^, a.s. 
Jt Jt Jt 



(26) 



Moreover, for all 2 < q < p, there exists a constant C = C {a,q) > such that, for all t >0, 
P-a.s. 

(a) e^^'lYtl" + E^^(^j\^^iZs\^dsY^ 

coo 



M'+il e^'\<!>{s,0,0)\dQ, 



i-oo \ q/2 



\9/2 



(c) E[e^^^i^iYt) + ^iYt))] <E[e^^^{^iv) + i^ir^))], 

(d) lim E eP^^ IYt - ^rf + ( / e^^' \Zs - Gl' ds' 

T— i-oo L \ T 



0, 



and 



(e) E/ e^y^ (|f/i|2ds + |C/2|2d^,) 



< oo. 



(27) 



(28) 



Proof. If (y, Z), (Y, Z) are two solutions, in the sense of Definition [SJ that satisfy (j25|) . then 

Esupig[o,T]eP^1>^.-nr <oo, 
From p^ . satisfied by the process Yg — Yg, we conclude that 

{Y, - Z,^{s,Y„Zs) - 'S>{s,Z,Zs) -Us + Us)dQs < \Ys - Ys\''dVs + ^\Zs - Z^l^ds, 

la 



since 



and 



(y, - y„ Us - Us) > 0, for Us G dy^{s, Ys) and Us G dy^{s, %\ 



dVs < dVs on [0, r] . 

Applying Proposition [HI it follows that there exists C = C {a,p) > such that 

Esup,e[o,T] eP^^\Ys - Ysl" + E (^^e^^^lZs - Zsfds^ ' < CE (e^^^jyT - Yt\p 

and the uniqueness is proved. 

The proof of the existence will be split into several steps. 
A. Approximating problem. 



T-i-oo 
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Let n E N* and e = 1/n. We consider the approximating stochastic equation 

roo roc 

Yr + / l[o,n] is) V,^"(s, YJ^)dQs = r? + / l[o,n] is) Hs, ^s", Z^^)dQ, 
Jt Jt 



oo 

Z^dWs, P-a.s., Vt > 0, 



(29) 



or equivalent, P-a.s., 

Yt^+ / Vy^^is,YJ')dQ, = E^-fi+ / ^s,Yp,Z^)dQ,- / Z^dWs, 
Jt Jt Jt 

\/t E [0,n] , 

_ (y,",zn = (6,G), Vt>n, 

with 

1-" (w, S, y) = l[o,rH] (s) ["s (w) (fi/n iv) + (!-«« (w)) V-l/n iv)] ■ 

We notice that 

it, y, z) := l[o,„] it) (t, y, z) - Vj,^'" (t, y) ) 

satisfies the inequalities 

{y' - y, ^1 it, y',z)- it, y,z)) < l[o,nAr] it) [(^t - n) at + i^t - n) il - at)] \y' - 

< l[o,nAr] (i) [fj'tat + i>til- at)] \y' - yf , 
\<^i{t,y,z')-^iit,y,z)\ < l[o,„Ar] it) iat \z' - z\ , 

since //^ < jls and i^s < z>s on [0,oo). 

The corresponding process Vt^ (see definitions (fTO|) and pT|) ) is given by 

ft 



(30) 



/■ r a 

Vt^= / l[0,nAr](s) (As + -^^)C^S + '^.^^^ 



Obviously, = VtAn, Vt > 0. 

Applying Proposition [18] from the Appendix, with $ replaced with $i, we deduce that 
equation ([30]) has a unique solution (y",Z") such that 

/ rn - \p/2 

and, using ([77|) . can be prove that 

Esuptg[o,T] eP^*|yt"|P + E f y e^^^\Z^\'^ds\ < oo, for ah T > 0. 



B. Boundedness of Y^ and Z". 

Since (p'^,'ip'^ are convex functions and it is assumed that (0) = "0(0) = 0) we see that 
(Vj;^'" (t, y) ,y) > 0, Vy G -ff , and therefore pT]) becomes 

{Yr,^iit,Yr,Z^)dQt) < l[o,„] (t) \Yr\\^{t,0,0) \dQt + m^dV,^ + ^m^dt. 
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Equation (j29p can be written, for any T > 0, in the form 



= Yf+ f ^i{s,Y^,Z':)dQs - rzyWs, P-a.s., Vt G [0,r] . 
Jt Jt 

Applying Proposition [TU] we deduce that, for all q £ [2,p], there exists a constant C 
C (a, q) > such that such that, P-a.s., for all < t < T < n. 



egVr\Yn\g + r / ijp^^^j (s) (^^ o,0) \dQ, 



g,sup,,,,^,y.|^|, ^ ^ / ^^^^^^ (s)e^»|cl>(5,0,0) 



< CE^t 



since by Jensen's inequality we have \^t\'^ = jE-^^ryl'^ < E-^^ jryl^. 

Using (j77|) . it can be proved that the above inequality holds also for all < t V n < T. 
Passing to limit as T — )• c« we infer, using Beppo Levi's Theorem, that P-a.s. 



E-^* sup,>t e^^^ly,"!"? + E-^M / e^^'^lZ.^pds 



\ 9/2 



(31) 



< CE^* [(e^-P^eM^''|r?|5) + ( / lro,„i (s) |$ (s, 0, 0) \dQ 



l-[0,i 

In particular, for q = 2, there exists another constant C > 1 such that, for all t > 0, 

< 2Ci?g = R'q, P-a.s., 



(32) 



where Rq is given by ([23]). 

C. Other boundedness results on y" and Z". 
Since for all u £ H, 

{u - y, V,*" {t, y)) < M/" (t, u) - vf" (t, y) , 
we can deduce (see inequality ([12]) 1 that, as signed measures on [0, n] , 

(y," - et, $i(s, n", z^))dQt < [^"{t, ^t) - ^"(t, y*")] 
+|y," - mt,^t, Ct)\dQt + rrP'^^t' + ^\zp - Ctl^dt. 

2a 



(33) 



But 



< ^"(t, 6) < ^(i, = l[o,rH] (i) K (^) 9^(6) + (1 - at (a;)) ^'(et)] , 



13 



therefore (p3|) becomes 

Y^^)dQt + (y^" - ^t, Y^, Z^))dQt 
< ^{t,(t)dQt + \Yt^ - 61 mt,^tXt)\dQt + m^dVt^ + ^\Z^ - Ct\^dt. 
From f[30j) we see that (y^,Z^) satisfies the equation 

yr - 6 = / ^1(5, ^s", Z^)dQs - / (Z," - Cs)dWs, Vt G [0, n] , 

since 6 = - /"CsC?^s, Vt G [0, n] . 

Applying now Proposition [161 there exists a constant C = C {a,p) > such that, P-a.s., 
for all t G [0, n] , 



p/2 



\P/2 



Therefore 



p/2 



< CE-^* 



\P/2 



e^^ms,CsXs)\dQ, 



(34) 



since (y,",Z,") = (6,6)fors>n. 

D. Boundedness of V ipijniYl^) and Vipi/niY-P). 

In order to obtain the boundedness for l^^i/nO^Dl'^ it is essential to use the following 
stochastic subdifferential inequality (see Proposition 11 in [TO]), written first for ipi/n- 

e'^^'^i/nCn") >e2^Vi/n(yr)+ /Vi/„(y,r^)d(e2^''-)+ r e^^^V^y^iY^dY;^ , 

Jt Jt 

yo < t < s < n. 



Hence 



e^^»¥;i/„(y,")>e^>^Vi/n(yr) + 2/ e'^^ ^y^iY^dYr + e'^^V^y^iY^dY^^ 

Jt Jt 

It follows that, P-a.s. for all < t < s < n, 

e'^Vi/n(yr) + ^'e'^'-(Vv9i/„(y«),l[o,„] {r)Vy^^ {r,Y,^))dQr 

< e2^^(^i/„(y,") + £e2^'-(V(^i/„(y,"),l[o,„] (r)<I>(r,y,",Z,")dQ,> 

- re2V'.(Vv9i/„(y,"), Z;^dWr) - 2 f e^^r^y^^Y,^)dVr 
Jt Jt 
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(and similar inequality for V'l/n)- 
Since 



(35) 



we infer that 



[v^i/„(y,") + V'i/„(l^i")] + / l[o,„Ar](r)e2V^ a,|V</.i/„(y-)|^ 



+(Vv;i/n(y,"), VV^i/„(y,")> + (l - a,) |VVi/„(i;")p]a!Q. 
< e2^= [v^(n") + V^(n")] + re2^'-(V^i/„(y,") + VV'i/„(i;"),l[o,n] (r)<I>(r,y,",Z,"))dg, 



e'^'-(V(/Pi/„(y,") + V^i/„(y,"), Z,"dT^,> - 2 / e^^" [¥^i/„(y.") + V'l/n (>;")] dVr. 



(36) 

Using definition Q, the compatibility assumptions (fT6]) gives us 

(Vv?,(y), $(t, y, z)) = l[o,,] (t) (V(^,(y), atF(t, y, z) + {I - at) G{t, y)) (37) 

< l[o,,] (t) (at|F(t, y, z)\\V^M\ + (1 - at) |G(t, y)||VV'.(y)| 

+ (1 - at) z.rly||vv.(y)l - (1 - at) {v^M.y) ) 

and respectively 

(VV',(y), $(t, y, z)) = l[o,,] {t) (VAiy), atF{t, y, z) + {I - at) G{t, y)) (38) 

< l[o,,] (t) {at\F{t,y,z)\\V^e{y)\ + (1 " »t) |G(t, y)| |VVe(y)| 
+ atHt\y\\ViPe{y)\ - atfit {'^A{y),y)) 

From ([Mi)> dM]), (I36ll38]l and the inequality 2a6 < ^a^ + aft^ with a G {2,4}, we obtain 
e'^* k/n(>^t") + ^i/n(l^t")] + \[ho,n^r] (r) e^^^- [| V(^i/„ (y,") | ^dr + |V^i/„(y,")|2dA 
< e^^'' [99(y,") + V(y.")] + ^'l[o,nAr] (0 4e2^'- [\F{r, , Z^)\^dT + |G(r, Y^)\^dA, 
+ ri[o,nAr] (r)e2^'-|y,"|2[|^,-|2dr + 

i[o,nAr] (0 e^^" [^.-(v^i/„(y,"), y,">dr + i.7(vv9i/„(y,"), y,">(iA] 
e2^'-(V(^i/„(y,") + vvi/n(y."), z;dt^,> - 2 / e2^'- [<^i/„(y,") + Vi/n(i7)] d^^- 



Using (f35|) . the definition of V , the assumption dV^ ^ 2(il4, on [0, r], and the inequality 

< ipxjn {y) < (V95i/„(y),y) , Vy £ H, 



(39) 
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we have that 

-/U7(VV^l/„(y,"),y,">dr - U-{Vipi/n{Yn,Yr'')dAr - 2 [ifl/nirn + 4^1/n{Yn] dVr 

< 2 ((^1/ Jn") + Vl/n {{~^r)-dr + {Dr)-dAr) 

-u~{v^y^{Y,^),Y;^)dA, - ^-(vvi/.(y,"),i;">(ir 

< 2(V(/?i/„(y,"),y,"> [iir)- dr + 2(vV'i/„(ir),i;"> (p.)" dAr 

since // = /x+ — ^u" and 2fL > 4^ 2 (/i)^ < (and similar for u). 
Hence 

i[o,nAr] (r) e^^-- [M-(vV'i/„(y,"), y,">dr + i.-(V(^i/„(y,"), y,">d^.] 



1,„ o. 1, 



< l[o,nAr]ir)e'''^[-\Vip^/^(Yn\'dr+-\V^y^iYn\'dA 

+J^l[o,nAr]{r)e^^''\Y,"f[\^,~fdr + \iy-\^dAr 
Moreover, we see that 



E^* y e^^'- (Vv9i/„(y,") + VV'i/„(y,"), Z,"dTVr> = 0, 



because 



E 



< E 



=4K 



(|V99i/„(y,")| + |v^i/jy-)|)' \z-\^dr 



X 1/2 



sup^G[i,s] (2ne^'-|y,"i 



e( / e2^'-|Z«-C,|2dry^' + E(^^V'-|C,|2dry^' 



< oo. 



For s = n, Jensen's inequality yields 



E 



and using (jlO|) . the inequality (p9|) becomes 



2V„ 



+4E / l[o,„;,,] (Oe^^" (|F(r,y,",Z,")|2dr + |G(r,y,")|2d^,) 



+2E/ l[o,„^,](r)e2^'-|y,"|2 \^^-\Ur + \u-\UAr 
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But the right hand side in the above inequahty is bounded since 



e2^'-|G(r,y,")|2<sup|^l<^e2^'-|G(r,e-^'-y)|2, 
e2^'-|F(r,y,",Z,")|2 <3sup| ,< ^e^^^\F{r,e-^^y,0)\^ + 3e^e^^^\Zj; - (rf + 3fe^^^\Cr\^. 



Therefore 



and 



E 



-,214 



ifl/niYn+i^l/niYn) 



< C, for alH > 



Jo L 

From ([12|) and (fT5] -a) we see that, for ah t > 0, 



< C. 



and 



E 



E 



l/nV(^i/„(y,")|' + |l/nVV^i/„(y,")n < 2C/n, 



> (y," - i/nvv.i/„(y,")) + V (i^i" - i/nv^i/„(y,"))) 



< c. 



(42) 
(43) 

(44) 
(45) 



E. Cauchy sequences and convergence. 
From (1341) we have 



Esup,>„eP^'=|y,"+' - 61^ + E f / e2^^|Z«+' - Csl^dsj 



\ P/2 



< CE 



(46) 



e^^=^(s,6)dQ.j" +(y e^=|$(s,6,C)l^iQ 
By uniqueness it follows that, for all t G [0, n], 

Yn+i_Yn = Y:+'-U+ dK2''- {Zr'-Z^)dWs, a.s., 

Jt Jt 



0, n — )• oo. 



where 



dK 



$(s, yr+', z^+^) - $(s, yf , z,") - [Vj^^"+'(yr+') - Vj.^f "(y,")] ) dQ,. 



By ([Md) with e = 1/ (n + /) and (5 = 1/n 

_^yn+Z _ yn^ (Vy'f "+'(s, y,"+0 - V y"^"" {s , YJ")) dQ s) 

< (e + 5)i[o,.] (s) ((vv?,(y,"+'), Vv95(y,")>ds + {vMyi'^'),^MYsn)dAs), 

and using we have on [0, n] 

+(|vv'.(n'')p + \vMyi'^^T)dAs\ + |y,"+' - yrpdi// + ^1^?+' - ^I'P'^s. 
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Proposition [16] yields once again 

Esup,gro„i e2^-|y,"+' - + E / e2^''|Z,"+' - Z^\'^ds < C7 Ee2^"|y„"+' - in? 

Jo 

pnAr 

+{e + 6)CE e2^= (|V<^,(y,")p + \V MYI"^')?) ds (47) 
Jo 

+{e + 6)CE e2^= (|VV.(i;")P + | W^^Cy^+OHrf^- 
The estimates (jlS]) and P6|) give us 

E sup.g [0 „i e2^= I y,"+' - y," 1 2 + E / e^^- 1 ^3"+' - \ ^ds 

Jo 

C 

< Esup,>„ e2^-|y"+' - + > 0, as n ^ 00. 

n 

Hence 

Esup,>o e'^^-\Yp+^ -YJ"? 

< Esup,e[o,n] e2^^|y,"+' - Y^? + Esup,>, e^'''^\YJ'+' - 0, as n ^ 00 

and 

;>oo 

E/ e^^'\Z^+^ - Z^?ds 
Jo 

pn poo 

< E / e^^-\Z^+^ - Z^?ds + E / e2^=|Z,"+' - Qs?ds -^0, as n ^ 00. 

F. Passage to the limit. 

Consequently there exists (y, G 5^ x such that 

/■oo 

E sup,>o e^^'\Y^ - y,p + E / e^^'\Z'^ - Z^^ds -^0, as n ^ 00. 

We have that (Yt, Zt) = (r/, 0) for t > r, since Y^ = = rj and = = for t > r. 

Applying Fatou's Lemma to ()3ip and (I34p we obtain (1271 — a. 6) and taking the limit along 
a subsequence in (p2|) . we deduce that 

From ()33|) there exist two p.m.s.p. C/^ and C/^, such that along a subsequence still indexed 

by n, 

l[o,rAn]e'^V99i/„(y") ^ l[o,,]^7\ Weakly in x R+,dP » , 

llCrAnie^^VV'i/nl^") ^ l[o,r]^^^ Weakly in l2 {n X K+, dAf, H) . 
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Applying Fatou's Lemma to ()43p we obtain (j28p and from (j44p we deduce that for all t > 
fixed, there exists a subsequence indexed also by n, such that 

iv(^i/„(yn^O and iv^i/„(yi") ^ 0. 

We now apply Fatou's Lemma to ()15]) and we conclude (f271-(i). 
From (|29p we have for all < t < T < n, P-a.s. 



and passing to the limit we conclude that 

Yt + r UsdQs = Yt+ r y., Zs)dQs - r ZsdWs, a.s. (48) 
Jt Jt Jt 

with 

Us = l[o,r] (s) [asU^ + (1 - as) U^] , for s > 0. (49) 
Since IHB-b). we see that, for all G J", < s < t and X G 5^ [0, T] , 

e/ lE{e^^^V^i/n{Yn,Xr-Yp)dr + E [ Iec^^^ ^{Y,^ - l/nV^yn{Y:))dr 

J S J S 

< lEe^^^ip{Xr)dr. 

Passing to lim inf for n — )• oo in the above inequality we obtain 

U} G dip{Ys),dP ds-a.e. (50) 

and, with similar arguments, 

C/f G dij{Ys),dP dAs-a.e. (51) 

Summarizing the above conclusions we see that {Y, Z, U) is solution of the BSVI ()20p under 
the assumption (Ai— Ag). ■ 

4 Variational weak formulation 

The existence and the uniqueness of a solution (Y, Z) are still true without the additional 
assumption (Ag), but in this case we can't prove the absolute continuity of K (or even the 
bounded variation property). Therefore we shall give a new definition for the solution of the 
BSVI 

Let us define the space Ai of the semimartingales M G 5^ of the form 

Mt = 7 - f NrdQr + f RrdWr, 

Jo Jo 
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where N and R are two p.m.s.p. such that / lA^^^I dQr + / \Rr\ dr < oo a.s., VT > and 

Jo Jo 

For a intuitive introduction, let Af G and {Y, Z) be a solution of ()20p . in the sense of 
Definition O By Ito's formula we deduce the inequality 

i \Mt -yt? + \j^ \Rr - Zrl^dr + {r, Yr) dQr <\\Mt- Yt\^ + [ ('^' ^r) dQr 

+ I {Mr- Yr, Nr-<^> (r, Yr,Zr))dQr - [ {Mr - Yr, {Rr - Zr) dWr) , 
Jt Jt 



since dKt = UtdQt £ dy'^ dQt (see the inequality p^ ). 

We propose the following weak formulation of the Definition [5] 

Definition 8 We call {Yt,Zt)^^Q a variational weak solution of [2U\) if (Y, Z) G 5^ x A^, 
{Yt, Zt) = (6, G) = {ri, 0) fort>T and 

ii) [ {\<^{s,Ys,Zs)\ + \^{s,Y,s)\)dQs P-a.s., for allT>0, 

Jo 

(ii) ^\Mt-Yt\^ + ^ \Rr-Zrfdr + J^ ^{r,Yr)dQr <^\Ms-Ysf 

^ (r, Mr) dQr + {Mr- Yr, iV, - $ (r, Yr, Zr))dQr 



(52) 



{Mr - Yr, {Rr - Zr) dWr) , 

VO < t < s, V {N,R) £L'^{Qx [0,oo);H) x A^, VM G M, 

/•oo 

(Hi) Ee^^T I^T -CtP + Ey e'^^' \Zs - Csf ds 0, as T ^ oo. 



Theorem 9 Let the assumptions (Ai-Ag) be satisfied. Then the backward stochastic varia- 
tional inequality 120\) has a unique solution {Y, Z) in the sense of Definition such that 

Esupjg[o,T] eP^' \Ysf < oo, for all T > 0. (53) 
Moreover, the inequalities {21^ hold. 

Proof. Firstly we shall approximate the data r/ and $ by r/" respectively which satisfy 

dMD- 

Let 

rf (cj) = r/(a;)]l[o,„](|?7(u;)| + | sup^gjo,^] t^l) , 

{t, y,z) = ^ {t, y,z)-<^> (t, 0, 0) + $ {t, 0, 0) l[o,„] (t + |$ {t, 0, 0)| + \Vt\). 
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Obviously, 

E(eP™P»e[o.-l^''K-7/|P) + E( / |«>"(s,0,0) -«>(s,0,0)|dQ, 



0, as n — oo. 



Applying Theorem [7] we deduce that there exists a unique solution (Y", Z", ?7") of the BSVI 
(j20p corresponding to r/" and : 



' f'OO /"OO /'OO 

y," + / u^dQs = < + / (s, y,", z,") dg, - / z^dw, 
< Jt Jt Jt 

up G ay^(t,yt"), vt > 0. 



, a.s., 



(54) 



This solution satisfies inequalities ()27ll28p with Y, Z,U,^,t],^X replaced respectively with 

y", Z", r/",e",C"- 

Since |r/"| < |r/| and |$"(t,0,0)| < |^>(t,0,0)|, 



, Vi > 0, P-a.s. 



Using (|T2|) . we see that 

(y," - y-, (s, y,", z,") - <d™(s, y-, zr) - (c/r - ur))dQs 

< (y- - yr, f (s, y,", z-) - ^s, vr, z^))dQ, 

+(y--yr,<i>(5,o,o))(i[o,„]-i[o,™])(i + l^(*.o,o)| + |T4|)dQ, 

< |y," -yri l^-Cs, 0,0)1 I (l[o,„] - 1[oh) (*+ |<J>(i,0,0)| + \Vt\)\dQs 

+|y," - y,"^|2(iv; + —\zp - z^\^ds, 



(55) 



since 



^ s J' 



{Y^ - yr, c/r - c/D > 0, for c/r g 5,^1/(5, y,") and G a,*(s, y; 

and (iVs < dVg on [0,r]. 

Applying Proposition [16] for the equation satisfied by y"" — Y"^ on [0, T], it follows that 

Esup,g[o,T] eP''^\Y^ - y-|P + E (^j\^^^\Z^ - Z^\^ds^ ' 

<Ce(^ e^^|«>(s,0,0)| |(l[o,„]-l[oH)(* + l^(*>0,0)| + |yt|)|(iQ, 



Therefore passing to the limit for T — t- oo, 

/ /-oo _ \p/2 

E sup,>o eP^'' |y," - y™|P + E ( y e^^- |Z," - Z^pdsJ 

< C E e^H (s , 0, 0) I I (1 [o,„] - 1 [o,h ) (t + | $ (t , 0, 0) | + | 14 | ) | 



n,m— >oo 



> 0. 
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Consequently there exists {Y, Z) G 5° x A° a solution of the BSVI ([20}) such that 
Esup,>o e^^^ly," - + E / e^^'\Z^ - Z,\'^ds -^0, as n ^ oo 

JO 

and {Yt, Zt) = iv, 0) for t > r, since Y^" = Q = r/" and = Ct" = for i > r. 
Let M G given by 

Mt = 7 - /" A^^rdQ,. + f RrdWr . 
Jo Jo 

From the Ito's formula applying to \Mt — Y^^ we deduce that, for all < t < s < r, 
\ \Mt - Y^\^ + i \Rr - Z^\^ + ^ ^r ) dQr < \ | Af. - Y^\^ + j\ (r, M,) dQr 

rs rs 

+ {Mr- Y^, Nr-^ (r, y^", Z'i^))dQr - {Mr- Y^ , {Rr - Z^^) dWr) . 
Jt Jt 

Since on a subsequence (still denoted by n) 

t-T 

sup \Y^ - y,|2 + / - Z,\^ ds 0, a.s., 

se[o,r] Jo 

it follows easily, passing to the liminf, that the couple (Y, Z) satisfies the inequality l\52\ -ii). 

In the same manner, the inequalities (j27p follow now from the similar properties satisfied 
by the approximate solution (y",Z"). 

In order to prove the uniqueness of the solution let {Y^, Z^) and (y^, Z^) be two solutions 
of (I20p corresponding to rj^ and r/^ respectively. Therefore 

i ( |M, - y/p + \Mt -Yt'f) + \ j\\Rr - Z}.\' + \Rr - Zl^ )dr 

(r, y,i) + ^ (r, Y^) < i (|M, - y,i I' + |M, - y,^!' ) + 2^' (r, M,) dQ, 

+^ ((M^ - y,i, A^, - $ (r, y/, Zi)) + (M, - y,2, iV, - $ (r, y^^ Z^) 

- j|" ((M^ - Y},Rr - Zl) + (M^ - y^^ (i?^ - Z2) dWr)) ,yO<t<s,yMeM. 

Let r = riri, z = and * M = iln2i^l±l(^25^. 

Prom the convexity of ^ we see that 



r J 1 



2^ (r, y^) < ^ (r, y^^) + ^ (r, Y,. 
and using the identity 
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we obtain 



and 



{Mr - Yr\Nr - $ (r, y/, Z^)) + {Mr - Yr\Nr - $ (r, Yr^ Z?)) 

-2 {Mr - Yr, TV, - $ (r)) - i(y,i - F,^^ $ (r, - $ (r, y,^, ^2)) = q, 

(M, - y,\ i?, - Z^) + (M, - Yr^, Rr - Z^) 



-2 {Mr - Yr, Rr - Zr) - \{Y^ - Y? , Z^ - Zf) = 0. 



Therefore, since 



we have 



2[\m-y \ + |m - y I ) 



2|2- 



Im 



2 "T 4 y y 



|y/ - y,t + J 1^.^ - ^.f < 8Bt,s (M) + |y/ - Y,f 

+2 /'(y,i - Yr\ $ (r, y.i, Zi) - $ (r, y,^, Z2))dQ, - 2 / Vr' - (^r - Z?) dWr), 
Jt Jt 



VO<i< s, VMgTW, 



(56) 



where 



St,, (M) = ^ |M, - y,|2 + jj"' (r, Mr)dQr + jJ"(M, - y„ AT, - $ (r))dQ, - ^ |Mt - y^l 

~2Jt '^r - ^{r,Yr)dQr- {Mr -Yr,{Rr - Zr) dWr). 

Our next goal will be to prove that 



there exists M^ e M such that hniSj,, (M^) = 0, a.s., VO < i < s. (57) 



Let 



M^ = e 



1 r Or 

y^ + TT eQeYrdQr 



(58) 



Clearly, M^ € M since Mf = M^ + J^dM^ . 

The next result it is necessary in order to obtain the limit in the Stieltjes type integrals: 

Lemma 10 Let a : [0, T] — >■ IR 6e a strictly increasing continuous function such that a (0) = 
and f : [0,T] ^ H be a measurable function such that \ f {t)\ < C a.e. t € [0,r]. Define, for 
e>0, 



-o-(t) 1 

/, (i) = / (0) e + 



Then as £ ^ 0, 

and, if f is continuous, then 



a (e) Jo 

f,{t)^f{t), a.e. te[0,T]. 



sup \fe{t)-f{t)\^0. 

te[o,T] 



a{r) — a{t) 

e °^^) / (r) da (r) . 



(59) 
(60) 
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Remark 11 The same conclusions are true if we consider (t) replaced by 



a{t)~a(T) I 

g, (t) = f (T) e^i^ + 



a(e) 

Proof of the Lemma. Obviously we have 

a(r)-a(t) 



T 



a{t) — a{r) 



e / (r) da (r) , t G [0,T] 



ft a{r)-a{t) /"U 

/ "'^^ fiT)da{r)= _^^^^e^f{a-^{ua{e) + a{t)))du 

a(e) 



5" [(/ o a-^) {ua (e) + a (t)) - (/ o a-^) (a (t))] du + f (t) e^'du. 



lim sup 







5" [(/ o a-1) (na (e) + a (t)) - (/ o a'^) (a (t))] du 



< lim sup / e" I (/ o a'^) {{ua {e) + a (t)) V 0) - (/ o a'^) {a {t)) \ du 



<2C e'^du + / e" I (/ o a-i) {{ua (e) + a (t)) V 0) - (/ o a^i) (a (t)) | 





< 2Ce-" + limsup / I (/ o a'^) {{ua (e) + a {t)) V 0) - (/ o a-^) (a (t))| 

£^0 



< 2Ce-", /or a// n, 



since 



lim 

(5^0 

Therefore there exists 



I (/ o a-i) (s + Su) - (/ o a"^) = 0, 



a.e. 



lim 



a(e) 



3"[(/oa-i) (ua (e) + a(t))-/(t)](iu 



0, 



and [59]) follows. 

In the case of continuity for f it is sufficient to write 



-a(t) 



fs {t) = f (0) e W + 



1 /■* a(r)-a(t) 



a{e) 



e / (r) da (r) 



/ (0) e + 



a(e) 



a(r) — a(t) 



e <i(e) / (r) da (r) + 



1 ft a(r)-a(t) 



a(e) 



e "(^) / (r) da (r) 



where t^ := a ^{a {t) — ya(e)) — > t, as e — )• 0, and t^ < t. 
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Applying the above Lemma we can conclude from (j58p that 

-^y^, VtG [0,r]. (62) 

Next we shall prove that, for all t < s, 

/' * (r, M'^)dQr ^ f\ (r, Yr)dQr . 
Jt Jt 

From (|58p and the convexity of the functions ip and ip we deduce that 

>p{M'^)ardQr< e^tf{Yo)dr + U ^e^^ <f {Y^) dQuj dr 
= ip{Yo)J eQ^dr + J^ l/o '^^ f (Y^) lio^r] (u) dQu) dr 

= Vp(yo) dr + iip{Yu) (r) drj dQ„ 

(^VP (yj ^ ^eT^l[„ (r) drj dQ, . 

and 

^ ^ (M,^) (1 - ar) dQr < ^ e^ij (Yo) dAr + ^ i^^^V^ (F,) dQ„^ 

^e^^V' (yj dQ^ dAr (64) 
= {Yq) e^dAr + (^«) (r) d<3« 

(^V' ^ ^e^^^l[„,t] (r) dA,^ dQ„ . 

On the other hand, using Remark [TT] and Lebesgue's dominated convergence theorem, we 
conclude that 

1 Qu-Qr /■* 1 Qti-Qr 

lim / — — e OrdQr = lim / — e a-r-dQr = ctu, a.e. (65) 
and respectively, 

1 Qit-Qr ^ ^ /"* 1 Qu-Qr 



\J0 



lim / — e (1 — Or) dQr = lim / — e <3e (1 — a^) = a-e. (66) 



25 



From the inequalities (|63ll64p we obtain 

/ ^{r,Yr)dQr< / ^{r,M'^)dQr 
Jt Jt 

< V? (Yo) Qec J OrdQr + ^ (yo) Q^e Qe J-e (1 - a^) dQ^ 

iifiVu) J (ir + V(i;) j dArjdQu 

-y^ fv9(y„) j ^e^^dr + iP{Yu) J ^^e^!^ dArjdQu, 
and applying the limits ()65ll66p . we deduce 

^ (r, M,^)dg, ((^ (y„) a„ + V {Yu) (1 - a,) )rfQ„ = ^' (n, y„)dQ„ . (67) 

Therefore ()57p follows immediately, since we have ()62p and ()67p . 
Now returning to the inequality (j56p . 



(68) 



|Zi -Z^.\^dr<2 j - y,2, (r, y,i, Z^) - $ (r, y,2, Z2))dQ, 

+ \Y} - Y^\^ -2j^ (y/ - y^^ (zi - z^) dWr), vo < t < s, 



From (US} 

(y^^ - y^^ (r, y^\ Z,i) - $ (r, Y^^ Z^))dQr < |y/ - Y^^l^dVr + ^\Zr- Z^\^dr 

2a 

and therefore inequality ([68]) becomes 

|y/ - y,2|' + (1 - i/a) r |zi - z^f dr < |y/ - y.^p + 2 T |y,i - y,t ^v; 

* * (69) 

-2 (y; - y,2, (zi - z2) dWr). 

Applying a Gronwall's type stochastic inequality (see Lemma 12 from the Appendix of |llj ) 
we conclude that, for all < t < s, P-a.s. 

g2y. _ y2\^ < e^v-. |y^i _ y/j^ _ 2y"e2^'-(y,i - y,^, (Z^ - Z^) dWr). 

Therefore, using also the condition (j52l — ziz) form the definition of weak variational solution, 
the uniqueness follows. ■ 
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5 Examples 

Let V C R'^ he an open bounded subset with boundary Bd (V) sufficiently smooth. In what 
follows (V) and (V) stand for the usual Sobolev spaces. Let {Tt)t>o ) P) be a 

complete probability space, {Wg : < s < t} a real Wiener process and set H = Hi := (V). 
We notice that the space of Hilbert-Schmidt operators from (V) to (^)) can be identified 
with {V xV). 

Let J : R — )• (cxd,oo] be a proper convex l.s.c. function, for which we assume that j (u) > 
j (0) = 0, Vu G R. 

Our aim is to obtain, via Theorem [TJ the existence and uniqueness of the solution for 
some backward stochastic partial differential equations (SPDE) suggested in ^j. We recall 
the assumptions (Ai— A5), (A«-fT9|). the condition 

E(Q^) < 00, VT > 0, 

and definitions ([9]) and (fTOj) from Section 2.2. 

Example 12 First we consider the backward SPDE with Dirichlet boundary condition 

' -dY (t, x) + dj {Y {t, x)) dQt B AY {t, x) dQt + <^{t,Y (t, x) , Z {t, x)) dQt 

-Z {t, x) dWt, inQx [0, r] x V, 
Y{u),t,x) = onnx[0,T]x Bd{V), C^O) 

POO 

e^Vr \\Y (T) - ^rf + / e'""^ \\Z (s) - (s 



fOO 

ds > 0, 



where := |/ dx . 



Let us apply Theorem [3 with ^ = ip = ip {in which case the compatibility assumptions 
IB]) are satisfied), where : (V) — )• (—00,00] is given by 



(p{u) 



\ I |Vn {x)f dx + Jj {u (x)) dx, if n G (V) , j (n) G (V) , 



V V 
+00, otherwise. 



Proposition 2.8 from [1|, Chap. II, shows that the following properties hold: 
(a) function ip is proper, convex and l.s.c, 

(6) dip {u) = [u* £ {V) : u* (x) G dj {u (x)) - An (x) a.e. on P} , Vii G Dom (dLp) , 
(c) Dom (dp) = {ue Hi (V) n H^ {V) :u{x)e Dom (dj) a.e. on V] . 
Moreover, there exists a positive constant C such that 

(d) lkll//i(D)nH2(D) < 11^2(75) , y{u,u*) G dp. 

Let ry be a Hq (P)-valued random variable, Jv-measurable such that (Ag) is satisfied and 
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and the stochastic processes ^, C, associated to r] by the martingale representation theorem, 
such that 

EU^e^^'ip{^s)dQs] +En e^=|$(s,6,Cs)|dQj < oo, (71) 

where V is defined by p!7|) . 

Applying now Theorem[7l we deduce that, under the above assumptions, backward SPDE 
([7CT|) has a unique solution (Y, Z, U) G 5°2(^) x A°2(x,xD) ^ ^%{v) ^^^^ (-^ ' (*)) ~ 
(6, 0) = 0), for t > r, and 

(i) Y{t,x)+ f U{s,x)dQs = Y{T,x)+ [ AY{s,x)dQs 
Jt Jt 



+ [ <^>{s,Y{s,x),Z{s,x))dQs- f Z{s,x)dWs,m [0, T] x P, a.s. , 
Jt Jt 

(ii) Y (t) G i^o^ (P) n (V) , dPx dt a.e., 

{in) Y (t, x) e Dom (dj) , dP x dQt x a.e., 

(iu) U {t, x) G dj {Y (t, x)) , dP X dQt x dx a.e., 

(v) e^^Y G (0, T; (s^; //i (p))) and e^^j (Y) G L~ (O, T; x P)) , for all T > 0, 

(m) e^^^ II y (s)||^i(^)n/f2(7?) dQ, < oo. 

Remark 13 // we renounce the Assumption (Ag), then we obtain that the backward SPDE 
(70) admits a variational weak solution. More precisely, Theorem shows that there exists 
a unique solution (Y,Z) G ^^^p) x A^^^^^^^ such that {Y{t),Z{t)) = (CtXt) = (r/,0), for 
t > T, and for all < t < s 

(i) h\M{t)-Y{t)f + ^ f \R{r)-Z[r)\'dr+ H j {Y ir,x)) dx dQr 
< i ||M (s) - Y {s)f + IJ^j (M (r, x)) dxdQ, 

+ / {{M (r) -Y{r),N (r) - Ay (r) - $ (r, Y (r) , Z {r))))dQr 



{{M (r) - y (r) , (i? (r) - Z (r)) dW,)) , 

V(iV,i?) gL2 (f)x [0,oo);L2 (p)) x A^^^^^^^, ^ M G M, 

(ii) Y (t) G (V) , dP xdt a.e., 
(Hi) Y {t, x) G Dom (j) , dP x dQt x dx a.e., 
where Ai is defined at the beginning of the Section and 

|/(x)|^dx and {{f,g)) := / f{x)g{x)dx. 
V Jv 
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Example 14 As a second example we consider the backward SPDE with Neumann boundary 
condition 

' -dY {t, x) = AY (t, x) dQt + ^{t,Y {t, x) , Z {t, x)) dQt - ZtdWt, in n x [0, r] x V, 
dY {uj,t,x) 



E dj {Y {00, t, x)) , onnx [0, r] x Bd {V) 



dn 

prob. 



e^Vr \\Y (T) - Crf + / e^^^ \\Z (s) - Csf ds 
< Jt 



T^oo 



■> 0. 



(72) 

We apply again Theorem [71 with = ip = ip, where tp : (V) — )■ (—00, 00] is given by 

^ j \Vu{x)\^dx+ j j{u{x))dx,ifueH^{V), k{u)GL^{Bd{V)), 
(p(u) = < » Bd{V) 

+00, otherwise. 

Proposition 2.9 from [Ij, Chap. II, shows that: 

(a) function ip is proper, convex and l.s.c, 
(6) dp (u) = — An (x) , Vu G Dom (dip) , 

(c) Bom{d^) = {ue H^V) : G dj {u(x)) a.e. on Bd{V)}, 

du 

where —— is the outward normal derivative to the boundary, 
on 

Moreover, there are some positive constants Ci, C2 such that 

(d) \\u\\ j|^2(x)) < Ci \\u - Au||^2(i5) + C2, Vii G Dom (dip) . 
Let ry be a (P)-valued random variable, J>-measurable such that (Ag) is satisfied and 

E[eP'^"P-e[o,rl^'' \r^\P] < 00, e2^"P-e[o,^^''j(,7) G (f) x Bd{V)), 

and the stochastic processes ^ and ( (from the martingale representation theorem) be such 
that IHB holds. 



Applying Theorem [7] we conclude that, under the above assumptions, backward SPDE 
2]) has a unique solution {Y, Z) G S^2(j)^ x ^%(t>xV) such that {Y (t) , Z (t)) = {Ct,Ct) = 
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[rj, 0), for t > T, and 

{i) Y{t,x) = Y{T,x)+ [ AY{s,x)dQs+ [ <^> {s,Y {s, x) , Z {s,x)) dQs 

Jt Jt 

-j^ Z{s,x)dWs, in [0,r] x P, a.s., 

{ii) Y (t) G [V) , dP X dt a.e., 
QY (t x) 

iiii) — ^ — G Dom (dj) , dF x dQt x dx a.e., 

an 

e^^y G (0,r;L2 and e^^j (Y) G L°° (O, T; (J^ x S(i (P))) , 

(z;) E^V^»||y(s)||^2(^) dQ, <oo. 

Example 15 The third example is the backward stochastic porous media equation 



-dY (t, x) = A {dj) (Y {t, x)) dQt + $ (t, y (t, x) , Z (t, x)) dQt - Z {t, x) dWt, 

inQx [0, r] x V, 

dj {Y (w, t, x))bO on nx [0, r] x Bd {V) , C''^) 



,2Vr \\Y {T) - + r e'^^ \\Z is) - Csf ds 0. 
Jt 



In Theorem El let H = {V) (the dual of Hi (V)), Hi = R'^ and = = -0, where 
if : H~^ (V) — )• (—00,00] is given by 



ip{u) = < 



J j (n (x)) dx, if u G {V) , j (u) G (P) 



V 



+00, otherwise. 



and J : R — ^ R+ is suppose, moreover, to be continuous with lim j (r) /r = 00. 

r— >oo 

Proposition 2.10 from [T], Chap. II, shows that: 
(a) function ip is proper, convex and l.s.c, 

(6) {u) = {u* G H-^ {V) : u* (x) = -Av (n (x)) , v £ H^ {V) , 

u (x) G 9j (li (x)) a.e. on T>}, \/u G Dom [dip) , 
(c) Dom {dip) = {it G i?"^ (P) n (V) : u (x) G Dom (Sj) a.e. on V) . 

Let ry be a H~^ (X')-valued random variable, Jv-measurable such that (Ag) is satisfied 
and 

E[eP^"P»e[o,ri^^» <oo, r/GLi(fixP), e^^'^'^^'^l^M^^ j {r,) £ x V) , 
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and the stochastic processes ^ and C (from the martingale representation theorem) be such 
that dni) holds. 

From the Theorem [7| it follows that, under the above assumptions, backward SPDE (j70p 
has a unique solution (Y, Z) G cS°f_i(p) x A°^_-^^^^^d such that {Y (t) , Z (t)) = (^t, Ci) = {v, 0), 
for t > T, and 

fT 



(i) Y{t,x)+ AU{s,x)dQs = Y{T,x) + ^ {s,Y {s,x) , Z {s,x)) dQs 

-j^ Z{s,x)dWsin [0,r]xP, a.s. , 

(ii) Y {t, x) G Dom {dj) , dP x dt x dx a.e., 

(iii) [/ (t, x) G 9j (y {t, x)) , dP X dt X dx a.e., 

(iv) e^^j (Y) G (0, T; (f) x V)) , for all T > 0, 

(v) Ere^^^\\Uis)\\li.^.dQs<(x^. 
Jo ° 

6 Appendix 

In this section we first present some useful and general estimates on {Y, Z) G [0, T] x 
A° (0, T) satisfying an identity of type 

Yt = YT+ [ dKs- [ Z.dWs, t G [0, T] , P-a.s., 
Jt Jt 

where G 5° [0, T] and 1 1 — > Kt (w) is a bounded variation function, P-a.s. 

The following results and their proofs are given in monograph E. Pardoux, A. Ra§canu 
|17] . Annex C (a forthcoming book). 

Assume there exist: 

three progressively measurable increasing continuous stochastic processes D, R, N such 
that Dq = Rq = Nq = 0, 

a progressively measurable bounded variation continuous stochastic process V with Vq = 0, 
some constants a,p > 1, 

such that, as signed measures on [0, T] : 



dDt + {Yt,dKt) < {lp>2dRt + \Yt\dNt + \Yt\^dVt) + ^ \\Ztf dt, (74) 



where = (p — 1) A 1. 

Let ||ye^||j^_^j := sup^gfi^^.] \ Yse^''\ . 

Proposition 16 Assume ( [7^[ j and that 

rT \P/2 / 



^ll^e^ll[o,T] + ^( / e^^'^P>2dRs) +e( / e^^dNs] < oo. (75) 
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Then there exists a positive constant C = C {a,p) such that, P-a.s., for all t € [0,T] : 



reP""^ lYsf-HY^^odD, + Te^^^ \Y,\p-Hy,^o \\Zs\\' ds 
Jt Jt 

e^T Yt\^ e^^^ tp>2dR)j + (^j^ e^^ dK 



In particular for all t € [0, T] : 



\Yt\P < C E- 



P-a.s. 



(76) 



As a simple consequence we can deduce, from the above Proposition, an estimate for the 
stochastic processes {(,,C) associated to r/ as in Proposition [5J 

Corollary 17 Let (Vt)^^Q be a bounded variation and continuous p.m.s.p. with = 0, 
r] -.n^ H a random variable such that E{eP''''^^<^lo,T] Vr |^|p ^ ^ () £ x A° (0, oo) 

the unique solution of the following equation (see the martingale representation formula (EPj-' 



= E-^^r? - / CrdWr, s e [0,r] , a.s. 

J s 



Therefore, there exists C = C (p) > such that for all t G [0, T], 

E-^* sup,g[4,r] e^^" I6r + E-^' e^^' \Qs? ds\ < C7 E-^' (e^ ^"P'-el*.^] |r?|f ). 
Proof. We see at once that the stochastic pair (,^, C,) satisfy the equation 



is=iT- CrdWr, se [0, T] , a.s. 



(77) 



(78) 



For any fixed t G [0,T] let (V^s*)^g[Q be the increasing continuous p.m.s.p. defined by 

Vg = Vt, s < t, and Vg = sup^gj^^] Vr, s > t. Applying Jensen's inequality and Proposition 
[16] for (^, C) (which satisfies ([78]) and an inequality of type (fTH) . with K = and R = N = 0), 
we deduce that for all p > 1, there exists C = C (p) > such that 

vP/2 



E-^* sup,g[,,r] eP""^ |6r + {[ e^y^ \Csf ds) 

< E^* sup,g[,,^] eP^^' + E-^' ( e^^^' \0f ds 

< CE^'{eP^T |^y|P) < C7E^*(e^'™P-e['.Tl^'- \rj\P 



32 



Let us now discuss the existence and uniqueness of a solution for the backward stochastic 
equation of the form 

Yt = r]+ [ ^is,Y„Zs)dQs- [ ZsdBs, a.s.,yte[0,T]. (79) 
Jt Jt 

We will need the following basic assumptions: 

(A3) the process {Qi : t > 0} is a progressively measurable increasing conUnuous stochasfAc 
process such that Qq = 0, and {at : t > 0} is a real positive p.m.s.p. (given by Radon- 
Nikodym's representation theorem) such that a G [0, 1] and 

dt = atdQt ; 

(A4) the function $ : O x [0, 00) x x L2 {Hi,H) H is such that 

j $ (•, •, y, z) is p.m.s.p., y {y,z) £ H x L2 (Hi, H) , 
$ (w, i, •, •) is continuous function, dF (g) dt-a.e. , 

and P-a.s., 

[ ^f{s)dQs< 00, V/9>0, 

where 

(w,s) := sup|„|<p|$(a;,s,u,0)| ; 
(A5) there exist a p.m.s.p. : O x [0, 00) — )■ R and a function i : [0, 00) — )■ [0, 00) such that 

nT nT 

/ \l^t\dQt+ f(t)dt< 00, P-a.s. 
Jo Jo 

and, for all y, y' G iJ, z, z' G Li {Hi,H) , 

{y' - y, ^t, y', z) - $(t, y, z)) < fit \y' - y\^ , 
\^it,y,z')-^it,y,z)\ <l{t)at \z' - z\ . 

Let a > 1 and ^ 

^t = {f^s + ^^i^s)as)dQs, 

where Up = 1 A {p — 1) . 

Proposition 18 Let p > 1 and r] : ft ^ H be a random variable measurable with respect to 
a {{J-^t '■ i > 0}). Under the hypotheses (A'^—A'^), if moreover, 

E {eP^^ |r?|P) + E ^'^sup|^|<^ |e^*$ (t,e-^'y,0) - ^^2/1 dQ^^ < 00, for all p>0, (80) 
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there exists a unique pair (Yj, Zt)^^Q £ x solution of the BSDE ( 79) in the sense that 



(j) Yt = r]+ [ ^{s,Y,,Zs)dQs- ! ZsdBs, a.s., ytG[0,T], 
Jt Jt 



(jj) Esupte[o,T]ef^M^tr + En e^^^\Zs\'ds\ < oo. 
Remark 19 If (Vj)^>q is a deterministic process then the assumption \8U\) is equivalent to 

(82) 



(81) 



\E{\7]f) + Ey\*{s)dQs^ <oo. 
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